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ABSTRACT

We generalize fractional Ornstein-Uhlenbeck process whose driving term is an-
other fractional Ornstein-Uhlenbeck process. The motivation is related to stochastic
volatility model. We estimate the parameters of both processes by maximum like-
lihood method and minimum contrast method. We obtain strong consistency and
asymptotic normality of the estimators as the time length of observation becomes
large.
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1. Introduction and Preliminaries

Ornstein-Uhlenbeck processes driven by Levy processes have received a lot of at-
tention in finance, see Barndorff-Neilsen and Shephard (2001). Levy processes are
processes with stationary independent increments. Levy Ornstein-Uhlenbeck (LOU)
process generalizes the Ornstein-Uhlenbeck process to include jumps. The correla-
tion phenomena of volatility exists in the driving process. First we consider fractional
Ornstein-Uhlenbeck process as the driving process.

The fractional Brownian motion (fBm, in short), which provides a suitable general-
ization of the Brownian motion, is one of the simplest stochastic processes exhibiting
long range-dependence. Consider a probability space (€2, F,P) on which all random
variables and processes below are defined. A normalized fractional Brownian motion
{WH t > 0} with Hurst parameter H € (0,1) is a centered Gaussian process with
continuous sample paths whose covariance kernel is given by

1
EWHWH) = 5(3%’ + 25—t — s, st >0. (1.1)

The process is self similar (scale invariant) and it can be represented as a stochastic
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integral with respect to standard Brownian motion. For H = %, the process is a
standard Brownian motion. For H # %, the fBm is not a semimartingale and not a
Markov process, but a Dirichlet process. The increments of the fBm are negatively
correlated for H < % and positively correlated for H > % and in this case they display
long-range dependence (persistence). The parameter H which is also called the self
similarity parameter, measures the intensity of the long range dependence.

Consider the fractional SDEs

dX; = 0Xdt +dV;, t >0, Xo =0 (1.2)

dVy = pVidt + dWH, t >0, Vo =0 (1.3)

where 6§ < 0 and p < 0 are the two unknown parameters to be estimated based on
observations of the process {X;,¢ > 0}. Thus we have the integro fractional SDE

t
dX; = (0 + p) X dt — ep/ Xds +dWH, t>0. (1.4)
0

If p = 0, we have the standard fractional Ornstein-Uhlenbeck (FOU) model. First, we
consider the case H = 1/2. We denote th/ 2= W;. Observe that

T T T T

/ Xthtzé?/ det+p/ XtthH—/ X dW, (1.5)

0 0 0 0
1 [T 1
— [ X%t —»—" as., 1.6
r ) X gt (16)
1/TXth—>—1 a.s (1.7)
T )y 200+0) '

From the SLLN for continuous martingales,

1 (T
/ Xtth—>0 a.s. (18)
T Jo
Hence
17 0 p 1
— XidX; = — — = —— a.s. 1.9
T/O =50 10 200+0) 2 *° (1.9)

Observe that

T T T
/ thVt:p/ vfdt+/ Vi dW,. (1.10)
0 0 0
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From Feigin (1976), it follows that

;/OT V2dt — —21[) a.s.
and from SLLN for continuous martingales
1 (T
T/o VidW; — 0 a.s.
Hence
;/OTthVt — —% a.s.

By Itd’s formula,

1T X3 17 1 (Vi
— | XdX;=-(ZL-1), = dVi=- -+t -1).
TA e 2<T ) TA‘GW 2<T )

From (1.9) and (1.13), it follows that

2 2
lim =L = lim —L =0
T—oo T 10 T

1 (V2 1
im = | -L 1] =-=as.
ﬁ$2<T ) g &°

where the residuals generated by the estimation of 6 at stage T

~ Xtht
Vi =X — Xtdt a.s.
(T x2,0,
X dt

We have the decomposition

where
T
Ar = / Vi odt
0
Further,
BN 1
A 7T T T 0

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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where p* is defined in (1.36)
From the self-similarity of Brownian motion, we have

AT_/ Wdt ﬁT/ Wpdt = T2/ W2ds = T?A;.

Consequently, for any 0 < a < 2,

1
lim —Ag =
Thee Te L T 0

From Liptser and Shiryayev (1978), we have

E [exp(—j}aAT)] - E [exp(—WAl)} coshl(rT(a))

where 77(a) = V2T2-4 for 0 < a < 2. Hence
lim F [exp(—lAT)} =0
T—o0 Te
which also gives (1.21). Further,
Ap = Ap(1+0(1)) as.

The maximum likelihood estimators of § and p are given by

3 X2-T V2 -
7= o, PT S
2 [T Xx2dt 2 [T V2dt

respectively where

t
Vii=X; — HT/ Xds a.s.
0

Xtht
= X; — / Xqds a.s.
X2dt

(1.21)

(1.22)

(1.23)

(1.24)

(1.24)

(1.25)

(1.26)

The Durbin-Watson (Durbin and Watson (1950, 1951, 1971)) statistic is given by

T {72 172
~ 2 [ V2t —V2+T R
By = 2o ey =2(1-pr).
Jo Vit

(1.28)

When H =1/2, 6 < 0 and p < 0, using SLLN for continous martingales, Bercu et al.

(2014) showed that
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(O —0")2 =0 (IO§T> a.s. (1.29)
and hence
Or — 0* as.as T — oco. (1.30)
VT (07 — 0%) =P N(0,02) (1.31)
where
0" :=0+p (1.32)
and
os = —20. (1.33)
Further
pr — p* as.as T — oo, (1.34)
and
VT (pr — p*) =P N(0,02) as T — oo (1.35)
where
ot = m, (1.36)
and
2o 2 00(07)— 0p(20° — 0p)) e
((6%)* + p8)?

2. Minimum Contrast Estimation

Minimum contrast estimator is known to be robust and efficient. First we consider the
case with H = 1/2. The MCE’s of # and p are defined respectively as

~ -7 _ -7
=, T
2 [T X2dt 2 [T V2dt
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where

T [} Xyds

- - t
V:X—%/Xm:X+
R "o T X2ds

We have
VZ—T=o0(Ar) as.
We have the following asymptotic properties of the MCEs:

Theorem 2.1 When H = 1/2, when §# < 0 and p <0

Or — 0 a.s. as T — oo.

VT(0r — 6*) =P N(0, 02) as T — oo.
Further,
pr — p* as.as T — oo,

and

VT(pr — p*) =P N(0, 02) as T — oo.

We consider the long memory case with H # 1/2. We turn to the equivalent semi-
martingale representation of the model. Let H > 1/2. Define

ki = 2HT(3/2— H)T(H +1/2),
~ L 2HT(3 — 2H)[(H + 1)
kr(t,s) = kg (st—s))2" Ay = T(3/2—H) 2
t
mzﬁfk_yﬁ%w,Mﬁ_/kamwﬁ
0

From Norros et al. (1999) it is well known that M} is a Gaussian martingale,
called the fundamental martingale whose variance function (M), is vff. The natural
filtration of the martingale M coincides with the natural filtration of the fBm WH#
since

t
mﬂ:/K@@m@ (2.1)
0
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holds for H € (1/2,1) where

t
Kpg(t,s) = H(2H—1)/ rh_E(r—s)H_%, 0<s<t (2.2)
S
and for H = 1/2, the convention K/, =1 is used.
Define
d t
Qi :=— | kp(t,s)Xsds. (2.3)
d’Ut 0
It is easy to see that
Q= i =1z, 4 /t r=tqz, b (2.4)
2(2—-2H) 0
X admits the representation
t
X :/ Ky (t,s)dZs. (2.5)
0

The natural filtration generated by the fundamental semimartingale process

t
Zy =0 / Qsdvs + MHE (2.6)
0

and the process X coincide, see Kleptsyna and Le Breton (2002). The available infor-
mation for X and Z are strictly equivalent.

Let the realization {X;,0 < ¢ < T} or equivalently {Z;,0 < ¢ < T} be denoted by
ZE . Let PQT be the measure generated on the space (Cr, Br) of continuous functions on
[0, 7] with the associated Borel o-algebra Br generated under the supremum norm by
the process X{ and P be the standard Wiener measure. Applying fractional Girsanov
formula, when 0 is the true value of the parameter, PGT is absolutely continuous with
respect to P{ and the Radon-Nikodym derivative (likelihood) of P} with respect to
POT based on ZOT is given by

LH-—ﬁZT— 0 ! dZ—G—2 TQd 2.7
T()-—dPT( 0) = exp ; QidZ; 3 ), Qrdvt ¢ (2.7)
0

Consider the score function, the derivative of the log-likelihood function [;(), which
is given by

T T
0 0
The maximum likelihood estimators of # and p are defined as

i o @dz ) VidZ,
T = 7 . > T -— 7~ .
2 [ Q3dvy 2 [ Vi2duy

o6
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respectively, where

¢
Vii=Q¢ — QT/ Qsdvs. (2.10)
0

When p = 0, using the fractional It6 formula, the score function I/.(f) can be written
as

l (9)—1 _M_g /TtQH_le -T —9/TQ2dv (2.11)
™o le-2m) ), t , e '

Consider the contrast function

T
Mz (0) = —g - 9/0 Q% dvy (2.12)

and the minimum contrast estimate (MCE)

~ -7

Op = —— (2.13)
T
2[0 Q?d’l)t.
M -estimator is reduced to the minimum contrast estimator. Note that the MCE does
not involve stochastic integral unlike the MLE.
Observe that

1-H
T) " 0
) (Or-0)= — (2.14)
< R
where
T T,
NT = QIT - 5 and IT = Qt d’l)t. (215)
0

Kleptsyna and Le Breton (2002) proved the following Cameron-Martin type formula
fora >0

1/2
4sinmHO? T 2ae T\
Eexp(—alr) = (2.16)
WTDII!(H; V02 + 2a
where
DE(6;0) = [acosh(§T) — Osinh(§T)2I_u($T)Ja-1(5T) (2.17)
—[asinh(4T) — O cosh($T) 2 J1—u (ST) Ju (5T) :

for @ > 0 and J, is the modified Bessel function of first kind of order v. For H =1/2
this formula reduces to the Nowvikov’s formula given in Liptser and Shiryayev (1978).

By analytic continuation, this formula can be extended to the complex plane z; € C.
We have the following result from Bishwal (2011a).

o7
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Let ¢7(z1) := Eexp(z1lr), z1 € C. Then ¢r(z1) exists for |z1]| < ¢, for some § > 0
and is given by

1/2

AsintHA/62 — 221797 /

¢r(z1) = I (2.18)
WTDT (97 AV4 62 — 22’1

and we choose the principal branch of the square root.
The Durbin-Watson (Durbin and Watson (1950, 1951, 1971)) statistic is given by

o 2TVt -V2+T
br= [T v2dt
o vt

=201~ 1) (219
where
_ ot
Vii=Q¢ — HT/ Qsdvs. (2.20)
0

From Bercu, Coutin and Savy (2010), when p = 0, we have

We have the following asymptotic properties of the MCEs:

Theorem 2.2 When H > 1/2, when 6 < 0 and p < 0,

O — 0% as. asT — oo

and
VT (O — 6*) =P N(O,UZ’H) as T — oo
where
0" :=0+p
and
oo = —20)y
Further,

pr — p* as. as T — oo,

o8



Asian Journal of Statistics and Applications Jaya P. N. Bishwal

and
VT(pr — p*) =P N(0,07 ) as T — oo
where
P 0p(0 + p) 7
(0 +p)?+0p
and

o 120787+ 8p((6")* — 8p(2(6)* ~ 6p)))
p,H -— "H ((9*)2+p9)3 ’

The minimum contrast estimators (MCEs) of 6 and p are defined as

i =T 5 =T
Ti= — () PT'= =
2 7 Qi 2 [T Vi,

respectively where

. - t
Vi = Qt - 9T/ Qsdvs-
0

The Durbin-Watson statistic is given by
Dy = 2(1— py).
Let

D* :=2(1-p").

Theorem 2.3 When H > 1/2, when # < 0 and p <0

Or — 0* as. asT — oo

and
VT (67 — 6%) =P N0, o) as T — oc.
Further
pr — p* as.as T — oo,
and

VT(pr — p*) =P N(0, oz’H) as T — 0.
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Also

VT (Dp — D*) =P N(0, o) as T — 0o

where, U%’H = 4037H.
Theorem 2.4 If p =0,

Tpr =P W asT — o

where
w2 -1
W= —F——
2 [, Wids.
Also
T(Dr —2) =P —2W as T — oo
where
T2 -1
W .= 53

where 7 and S are given by the Karhunen-Loeve expansion where
oo oo
T::\@Z%LZ”, S ::Z%%Zfl
n=1 n=1

with v, :=2(=1)"/((2n — 1)7) and Z,, are i.i.d. standard normal.

3. Approximate Minimum Contrast Estimation

The process ) depends continuously on X and therefore, the discrete observations of
X does not allow one to obtain the discrete observations of (). We consider discrete
observations of (). The process () can be approximated by

n—1

@n _ H;Ilan2H71 Zj1/2fH(n _j)fl/QfHXj. (31)
=0

It is easy to show that @n — Q¢ almost surely (a.s.) as n — oo, see Tudor and Viens
(2007). Define a new partition 0 < r; < rg <rg3 < -+ <71y, =tk, k=1,2,--- n.
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Define

me
Qt, = /ﬁl_ilnHtiH_l erl-/QfH(ka —rj)fl/%Her (rj—rj—1), k=1,2,---,n. (3.2)
j=1

It is easy to show that @tk — Q¢ almost surely (a.s.) as mp — oo for each

k=1,2,--- ,n. We use this approximation of observations in the calculation of our
estimators.
For H = 0.5,
2—2H
T T
v — vy, = A [ = 22 )2 =2 i=1,2,... 0.
w3 () -y =
Define

n n =

17 A n A A T i— Qti—l U, — Uty
Wi—l = Qti—l - 9”7T7F Z Qti—l(vti - vti—l) = Qti—l + Z’rZL_l 2 ( )
i=1 2> Qi (v, — g, )

. (3.3)

Now we define the weighted approximate minimum contrast estimators (AMCEs).
Define the weighted sum of squares

n n+1
GH,T = {Z wtiQi,I (/Uti - vti—l) + Z wtiQi,1 (Ut'i - Util)} ) (34)
i=1 =2

i=1 =2

n n+1
Gl,n,T = {Z wti‘/t?,l (vti - Utz‘—l) =+ Z wti‘/t?,l(vti - vti—l)} (35)

where wy, > 0 is a weight function with >~ | wy, = 1. Define the discrete increasing
functions

n
Liri=Y_Qf (v —vi..,), (3.6)
=1
n+1 _ no
Jar =Y Qf (vr = v ) =Y Qf(ve, —vp,_,), (3.7)
=2 i=1
n ~
Il,n,T = Z ‘/13_1 (/Uti - vti71)7 (38)
i=1
n+1 _ no
JL”,T = Z ‘/t?,l(vti - ,Uti—l) = Z ‘/t?(vtl - ,Uti—l)' (39)
1=2 i=1
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General weighted AMCE of 6 is defined as

- 2 -1
en,T == {TGn,T} .

General weighted AMCE of p is defined as

5 —1
P, T = — {TGl,n,T} .

With wy, = 1, we obtain the forward AMCE of 0 as

~ 92 -1
On1F = — {Tfn,T} .

With w;, = 1, we obtain the forward AMCE of p as

5 —1
PnT.F = — {Th,n,T} -

With wy, = 0, we obtain the backward AMCE of § as

With w;, = 0, we obtain the backward AMCE of p as

5 —1
PnT,B = — {TJl,n,T} .

With wy, = 0.5, the simple symmetric AMCE of 0 is defined as

- 1 -1
en,T,s = {T[In,T + Jn,T}} .

Note that

n —1
- ) ~ ~ -
Gn,T,s = - {TZ; Qi_l(vti - ,Uti—l) + 05(Q§0 + Q?n)(vti - Uti1)} :

With w;, = 0.5, the simple symmetric AMCE of p is defined as

_ 1 -
PnT,s = — {T[ 1T + Jl,n,T]}

62
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Note that

n —1

_ 2 A~ -

PnT,s = — {T E - ‘/t%,l(vtz‘ - vti—l) + 05(‘/153 + ‘/ti)(vtq - vti—l)} . (319)
1=

With the weight function

‘ o1 =1
wy, = =2 1 i=2,3,---.n (3.20)
1 : i1=n+1

= o

*|

the weighted symmetric AMCE of 6 is defined as

1
~ 2D~ 1 & ~
eanﬂU = {TZ Qi,l(vti - ’Utifl) + ﬁ Z Qi,l(vti - Util)} . (321)
=2 1=1

and the weighted symmetric AMCE of p is defined as

—1
_ 2 1 -~
PnTw ‘= — {TEQ Vt?,l (vti - Utz‘—l) + ﬁ Zl Vvt?,l(vti - Util)} . (322)
1= 1=

Note that estimators (3.21) and (3.22) are analogous to the trapezoidal rule in
numerical analysis. One can instead use the midpoint rule to define the estimators

-1

~ ~ 2
i 2 o Q i—1 + Q i
Qn,T,A == TZ (tQt) (Uti - Uti—l) . (323)
i=1

-1

~ ~ 2

~ 2 . V'i—l + V;

PnT,A ‘= — TZ; <t2t> (Uti - /Uti—l) : (324)
1=

One can use the Simpson’s rule to define the following estimators where the denom-
inator is a convex combination of the midpoint and the trapezoidal rule:

-1

~ ~ 2
5 1 = ~ Qti—l + Qti A
en,T,S == 37 Zl Qi,l +4 (2 + Qi (Uti - Utifl) : (325)
1=
- -\ 2 -1
- RN Vi, + Vi, ~,
Pn,T,S ‘= — 37 Z; V;Ei_l +4 # + ‘/t, (/Uti - Uti—l) . (326)
1=

Finally, the Durbin-Watson statistics are given by

Dynrp :=2(1 = pn1F) (3.27)
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and

Dp1s:=2(1 = pn1.s)- (3.28)

The following theorem shows that asymptotic normality of the AMCEs need

T—>ooand%—>0.

Theorem 3.1 Denote 7, 7 := T~ ?(log T)'/? v (Z;—:)(log )~ h.

1/2

(a) sup|P { (—T> (en,T,F —0") < 55} — ®(z)| = O(ra7),

x€ER
(b) sup|P {1 Onrr — 0%) < x} . @(m)’ = O(rnr),

rER

2

(c) Sup { 2’ 7. (Onr —07) <z p — (2)| = Olrar),
(d) Sup { (PnF—p°) <z p —®(2)| = O(ry 1),

© sup|P{L2 o — ) <} - 8(a)| = O,

f) sup|P
() xeg { 2|,0nTF|

(g) sup|P <2> (Dngp — D) <a p — @(2)| = O(ruy).
z€R UD7H

1/2
(pn,T,F - P*) < l‘} - <I>(33) = O(Tn,T)a

In the following theorem, we improve the bound on the error of normal approxima-
tion using a mixture of random and nonrandom normings. Thus asymptotic normality
of the AMCEs need T' — oo and 2/3 — 0 which are sharper than the bound in
Theorem 3.1.

Theorem 3.2

/2
P {In,T <_2T€> (Onrrp—0") < !E} —®(z)| =

(a) sup
rER

O'2H 1/2 T3 1/3
(b) sup [P < I1 1 < ’% ) (Pn1Fp—p")<zp—0(x) =0 (T—1/2 v <n2> ) '

z€R

The following theorem gives stochastic bound on the error of approximation of the
continuous MCE by AMCEs.
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Theorem 3.3

- - 7\ 1/2 ~ _ 72\ 1/2
(a) 10— 07| = Op (n> . () |en,T,s—eT|=op( ) ,

n2

~ ~ T 1/2 . _ T2 1/2
() |pn = pr|=Op (n) (d) |pn1s — prl=Op <n2> .

The proofs of Theorem 3.1, 3.2 and 3.3 are analogous to the respective proofs of
Theorem 2.1, 2.2 and 2.3 in Bishwal (2011a) and hence we omit the details.

4. Examples: Factor Models

4.1. Daiscrete Factor Models

The Capital Asset Pricing Model (CAPM), introduced by Sharpe (1964), uses various
assumptions about the markets and investors’ behavior to establish a set of equilib-
rium conditions that allow investors to predict the return of an asset for its level of
systematic risk. Systematic risk is also known as the aggregate, non-diversifiable, or
market risk. The CAPM uses a measure of systematic risk that can be compared
with other assets in the market. This measure of risk allows investors to improve their
portfolios and to find their required rate of return.

The Capital Asset Pricing Model is based on the following assumptions:

A1) The Market prices are in equilibrium, i.e., supply equals demand.

A2) All investors are rational and risk-averse.

A3) All investors have the same forecast of expected returns and risk.

A4) All investors are price takers, i.e., they cannot influence the prices.

A5) Markets are frictionless (the borrowing rate is equal to the lending rate).

A6) All information is available at the same time to all investors.

A7) Trade without transaction or taxation costs.

A8) All assets are perfectly divisible and liquid.

A9) All investors are broadly diversified across a range of investments.

Under an efficient market hypothesis (EMH), which states that financial markets
are informationally efficient, all the previously mentioned assumptions are reasonable
and valid. The validity of the CAPM can only be guaranteed if all of these assumptions
are true.

The Capital Market Line (CML) is the tangent line drawn from the risk free point
to the feasible region for risky assets. CML relates the excess expected return on
an efficient portfolio to its risk. Excess expected return is the difference between the
expected return from the risk-free rate of the return. It is also called the risk premium.
Let R be the return on the given efficient portfolio, i.e., the mixture of the Market
portfolio and the risk-free asset. The equation for the CML is given by:

OR
pr = pp+ (b — pp)—— (4.1)
oM
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Here pp is the expected return of the portfolio, puris the risk-free rate of return and
s is the expected return of the market portfolio, ops is the standard deviation of
the return on the market portfolio, and o is the standard deviation of the return on
the portfolio. The excess expected return of a portfolio R is ur — puy and the expected
return of the market portfolio is pps — py. In (4.1) py, par, and oy are constants.
What varies are or and ugr. These vary as we change the efficient portfolio R.

The slope of the CML is given by (par — p¢)/on which can be interpreted as the
ratio of the risk premium to the standard deviation of the market portfolio. This is
also known as Sharpe’s reward —to-risk ratio. The equation (4.1) can be rewritten as

(ur — pg)/or = (unr — pg) /om

which says that the reward-to-risk ratio for any efficient portfolio equals to the reward-
to-risk ratio for the market portfolio. The CML is easy to derive. Consider an efficient
portfolio that assigns a proportion weight (w) of its assets to the market portfolio and
(1 — w) to the risk-free assets. Then

R=wRy + (1 —w)py = py +w(Rar — pif) (4.2)

Therefore, taking expectation both sides in (4.2), we obtain

pr = py + w(pnr — py) (4.3)
Also from (4.2)
OR = WO (4.4)
which gives
w=o0ogr/oNM. (4.5)

Substituting (4.5) into (4.3) gives the CML. One can view w = or/o as an index
of the risk aversion of the investor. The smaller the value of w, the more risk averse
the investor. If an investor places zero weight (w = 0) on an asset, then that investor
is 100% in risk-free assets. Similarly, if an investor places 100% weight (w = 1) on an
asset, then that investor is totally invested in the tangency portfolio of risky assets.
The plot of reward as quantified by expected return versus the risk as measured by
standard deviation of the return is a parabola. The left most point on the parabola
achieves the minimum value of the risk and is called the minimum variance portfolio.
The Sharpe ratio is the ratio of the reward to the risk. A line joining the risk-free rate
to the parabola of reward versus risk with a large slope gives a higher expected return
for a given level of risk. Sharpe ratio is the slope of the line. Thus larger the Sharpe
ratio, the better is the expected return regardless of what level of risk one is willing
to accept. The portfolio with highest Sharpe ratio is called Tangency Portfolio. The
efficient frontier is the part of the parabola that has an expected return at least as
large as the minimum variance portfolio. This is the optimal or efficient portfolio for
the purpose of mixing the tangency portfolio of two risky assets with the risk-free
asset. Each efficient portfolio has two properties:
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1) It has a higher expected return than any other portfolio with the same (or smaller)
risk.

2) It has a smaller risk than any other portfolio with the same (or smaller) expected
return.

Therefore, we could only improve (reduce) the risk of an efficient portfolio by ac-
cepting a worse (smaller) expected return, and we can only improve (increase) the
expected return of an efficient portfolio by accepting worse (higher) risk.

The Security Market Line (SML) relates the excess return on an asset to the slope of
its regression on the market portfolio. Suppose that there are many securities indexed
by j. Define

Bj = ojm /ot (4.6)

where o)/ is the covariance between the returns on the j-th security and the market
portfolio. By using returns of the market portfolio as the predictor variable, §; is
the slope of the best linear predictor of the j-th security’s return. Another way to
interpret the significance of f; is based on linear regression. Linear regression is a
method for estimating the coefficients of the best linear predictor based upon data.
To apply linear regression, suppose that we have a bivariate time series (R;;, Rar¢)7—;
of returns on the j-th asset and the market portfolio. Then the estimated slope of the
linear regression of R;; on Ry is

n

B = (Z(Rj,t = Rj) (R — RM)) /2 (Bare = Bar)?. (4.7)
t=1

t=1

After multiplying the numerator and the denominator by n=!, B]- becomes an estimate
of ojpr divided by an estimate of 032, and therefore the expression (4.7) is an estimate
of B;. The Security Market Line (SML) is given by:

pj — pp = Bj(par — pur) (4.8)

where f1; is the expected return on the j-th security and p; — py is the risk premium
for that security. Here, §; is the independent variable in the linear equation, not the
slope; more precisely, y; is a linear function of 3; with slope (par — ). The SML says
that the risk premium of the j-th asset is the product of its beta and the risk premium
of the market portfolio. Therefore, 5; measures both the riskiness of the j-th asset
and the reward for assuming that risk. When 3; = 0, a risky asset that is uncorrelated
with the market portfolio will have an expected rate of return equal to the risk free
rate. There is no expected excess return over risk-free asset even the investor bears
some risk in holding a risky asset with zero beta. When §; = 1, a risky asset which
is perfectly correlated with the market portfolio has the same expected rate of return
as the market portfolio. When 8; > 1, the expected excess rate of return is higher
than the market portfolio, also known as an aggressive asset. When ; < 1, the asset
is said to be non-aggressive or risk averse. When 3; < 0, a risky asset with negative
beta reduces the variance of the portfolio. This risk reduction potential of asset with
negative [3; is something like paying premium to reduce risk.

The primary difference between the SML and the CML is that the SML applies
to any asset but the CML applies only to the return of an efficient portfolio. It can
be arranged so as to relate the excess expected return of that portfolio to be excess
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expected return of the market portfolio:

pr — py = (or/om)(a — pig). (4.9)

The SML applies to any asset like the CML relates its excess expected return to the
excess expected return of the market portfolio:

g — poy = Bji(par — piy) (4.10)

If we take an efficient portfolio and consider it as an asset, then ur and u; both denote
the expected return on that portfolio/asset. Both (4.9) and (4.10) hold so that

or/om = Br. (4.11)

The Security Characteristic Line (SCL) is a representation of the SML in the form
of a regression model. The characteristic line takes the form of a straight line with the
y-axis intercept representing the return of a security in excess of the risk-free return
and the x-axis representing that for a portfolio made up of all assets in the market. The
values that make up the characteristic line are obtained by performing a statistical
regression analysis.

The Security Characteristic Line (SCL) is given as

Rjt = pyps+ Bi(Rare — pge) + € (4.12)

where €;; is N (0,0627]-). It is often assumed that the €;; s are uncorrelated across
assets, that is, that €;; is uncorrelated with €j ;, for j # j'. This assumption has
important ramifications for risk reduction by portfolio diversification. The SML gives
us information about expected returns, but not about the variance of the returns. The
characteristic line gives us a probability model of the returns, not just a model of
their expected values. Hence, the characteristic line is said to be a return generating
process. The similarity between the SML and characteristic line is that the regression
line E(Y'|X) = o+ F1X gives the expected value of Y given X but not the conditional
probability distribution of Y given X. The regression model Y; = 5y + 51 X: + €, and
€ ~ N(0,0?) gives us this conditional probability distribution. The characteristic line
implies that

O'JZ- = 632»012\/[ + af,j. (4.13)
The total risk of the j-th asset is
oj = (ﬁjza?w + 0527]-)1/2. (4.14)

The risk has two components: 6]20]2\4 is called the market or systematic component of

risk and 062 ;1s called non-market, unsystematic, or unique component of risk.
The security characteristic line (4.12) is a regression model

Rjt = ppr+ Bj(Rare — ppe) + €5 (4.15)

The variable (Ryr — jug¢) is called a factor, which is the excess return on the market.
CAPM is a single-factor model with the market index being the factor. In CAPM, the
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market factor is the only source of risk besides the unsystematic risk of each asset.
Factor models generalize CAPM by allowing more factors than simply the market risk
and the unique risk of each asset. A multifactor model is

Rjt=ppr+ Boj+ BrjFie... + BpjFpr+ € (4.16)

where F14,..., F),; are the values of p factors at time ¢. An example of factors are the
stock market average, dividend yield of S&P 500, a measure of the risk of corporate
bonds, interest rate variables, employment rate, inflation rate, monthly growth rate
in industrial production, etc. The factors are to be correlated among themselves and
are meant to simplify and reduce the amount of randomness required in an analysis
of the assets. The factors are chosen by the modeler and depend on the type of as-
sets being considered. With enough factors all commonalities between assets should
be accounted for in the models. Then the error term should represent factors truly
unique to the individual assets and therefore should be uncorrelated across j, i.e.,
cov(€j, €5:1) = 0,7 # j'. The multi-factor model is a multiple linear regression model.
If a factor model includes the returns on the market portfolio and other factors, then
according to the CAPM, the betas on the other factors should be zero, so testing that
they are zero also tests the CAPM.
With p = 2, one has the two-factor model:

Rjt = ppe+ Boj + Brj(Bare — pre) + BojFar + €5t (4.17)

Fama and French (1995) introduced the Three-Factor Model which is given by

Rjv=pge+ Boj+ Brj(Rare — pps) + B2 Foe + B3 F36 + €4 (4.18)

where the factors F» and Fj are SML and HML, respectively. The factor SML (small
minus large) is the difference in returns of portfolio of small stocks and portfolio of
large stocks and the factor HML (high minus low) is the difference in returns on a
portfolio of high book-to-market value (BE/ME) stocks and a portfolio of low BE/ME
stocks. Multifactor models refer to model parsimony. A statistical model should have
as few parameters as possible like the CAPM model. One reasonable way of having
few parameters is good is that each unknown parameter is another quantity that must
be estimated and each estimate is a source of estimation error. On the other hand,
a model must have enough parameters to adequately describe the behavior of data.
A model with too few parameters can create bias as the model does not fit the data
well. A model without excess parameters is parsimonious. Large models have less
bias but more variability. Models with too few parameters and sizable bias underfit,
while model with too many parameters overfit. Thus CAPM model underfits and
Fama-French model is parsimonious. Autoregressive process driven by Autoregressive
process was studied in Bercu and Proia (2013).

4.2. Continuous Factor Models

Barndorff-Nielsen and Shephard (2002) showed the good performance of superposi-
tions of Ornstein-Uhlenbeck models for modeling stochastic volatility in exchange rate
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data. Nicolato and Venardos (2003) focused on derivative pricing based on Ornstein-
Uhlenbeck volatility models and Benth (2011) showed their applicability in commodity
markets.

Ornstein-Uhlenbeck process driven by Ornstein-Uhlenbeck process is related
to stochastic volatility models, see Barndorff-Nielsen and Veraart (2013). Simple
Ornstein-Uhlenbeck process has an exponentially declining autocorrelation function.
Ornstein-Uhlenbeck process driven by Ornstein-Uhlenbeck process has a slowly de-
caying autocorrelation function compared to simple Ornstein-Uhlenbeck process. This
generates long memory in the Ornstein-Uhlenbeck process. Parameter estimation for
the fractional Black-Karasinski model of term structure of interest rates was studied
in Bishwal (2022a).

Recently, Bishwal (2022b) introduced the hybrid asset price model with stochastic
volatility, stochastic elasticity, stochastic interest rate and stochastic leverage under
the risk neutral measure which is given by the following seven equations

dS; = xX¢dt + \/Vi_ S dW; + paedLy,,, (4.19)

dVy = —\Vydt + vy dA,,, (4.20)

dX; = a(f — Xi)dt + o X' dNH, (4.21)

dpr = ((2¢ = n) — npr)dt + 6/ (1 + po) (1 — p1)dZ, (4.22)
dé = k(p — &)dt + < \/&dBy, (4.23)

dye = (¥ — y)dt + 5/ yd My, (4.24)

dry = &_dt (4.25)

where L; is a Levy process, A; is a fractional Levy process, N is a sub-fractional
Brownian motion, W, B, Z; and M; are correlated standard Brownian motions. Here
S; is the asset price which a geometric jump-diffusion, V; is the stochastic volatility
which is a Levy Ornstein-Uhlenbeck process, X; is the stochastic interest rate which
is a sub-fractional Chan-Karloyi-Longstaff-Sanders (CKLS) process (see Chan et al.
(1992)), p is the stochastic leverage Jacobi (Beta) process, & is a volatility modulation
of the driving Levy subordinator which is a Cox-Ingersoll-Ross (CIR) process (see Cox
et al. (1985)), 7 is the stochastic time change of the driving Levy subordinator which is
a time integral of the CIR process, v is the stochastic elasticity model which is a Cox-
Ingersoll-Ross process, v is the volatility of volatility which is independent of L, and
all the 15 parameters A\, «, 5,0,(,n, 0, K, 1,5, @, ¥, d, x, H in the model are positive.

Estimating 15 parameters is a daunting task. In this paper, we made an attempt
to estimate the mean reversion speed parameter and the correlation parameter
for fractional Brownian motion driver without jump component. Estimation of the
remaining 13 parameters in the hybrid model remains open at this stage.
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Concluding Remarks

1) The MCEs are more robust and efficient in comparison to the MLEs.
2) Let T'/n = h. The estimators 6,, 7 and p, r have error order Op(hl/ 2) which are

similar to the Euler scheme. The estimators 6, s and p,, 7 s have error order Op(h)
which are similar to the Milstein scheme.

3) It would be interesting to extend the paper to fractional Levy Ornstein-
Uhlenbeck process as the driving process, see Bishwal (2011b).
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